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Approximate values for the ground-state energy of one- and two-dimensional antiferromagnetic 
systems are determined with ceils of an even number of spins. The interaction between the cells 
is treated as a perturbation. 
1. Introduction 
In recent years considerable ffort has been put into the calculation of the 
ground-state nergy of antiferromagnetic lattices with renormalization-group 
(RG) techniquesl-H). Essential in the method is the "scaling", i.e. the pro- 
jection of the Hamiltonian of the spin system onto a subspace of the total 
space of spin states that conserves the general form of the Hamiltonian. In 
this scaling the systems are subdivided into Kadanoff cells and the lowest 
two levels of the isolated cells define the corresponding subspace. Two-level 
systems may be represented by a spin ½ and interactions between the cells 
may be represented by interactions between these spins. If one starts with a 
system of spins ½ scaling results in an effective Hamiltonian which is of the 
same general form as the original Hamiltonian, at least for suitably chosen 
parameters of the interaction and for a proper choice of the Kadanoff 
cells6,12). 
In this paper we use a modified technique to derive approximate values for 
the ground-state nergy of these systems. Instead of two levels per cell we 
now only take into consideration one single level and we restrict ourselves to 
systems without external fields and with a Heisenberg interaction between 
the spins. Then it stands to reason to take an even number of spins 
per cell, which, for most systems with a predominant antiferromagnetic 
interaction between neighbour spins, leads to a singlet ground state for the 
isolated cells~3). The interaction between the cells will be treated as a 
perturbation. 
The total Hamiltonian of the system may be written 6) 
H= Ho+ H' ,  (1) 
in which H0 represents the part of H of zero order, i.e. the part that 
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represents the internal interactions within the cells, and H'  is the pertur- 
bation, corresponding with interactions between spins of different cells. The 
lowest eigenstate of H0, which will be denoted by 10) is a singlet, being a direct 
product of singlet states, one for each cell. 
The expectation value for the three components of all individual spins is 
zero for this singlet ground state, as a consequence of time-reversal symmetry 
of H014). Then it follows that also the expectation value (0[H'[0) equals zero, 
which results in a relatively simple form for the perturbed ground-state 
energy up to third order ~5) 
1 H0 H'I0) + (0In' ----L---I n '  ~ a'[0), E0 = Wo + (OIH' Wo- Wo- Ho Wo- Ho 
Ho[0) = Wo[0). (2) 
The spin systems, the ground-state energy of which will be determined with 
this method are: 
- the linear Heisenberg chain with nearest and next-nearest neighbour inter- 
actions; 
- the Peierls chain; 
- the square lattice with nearest-neighbour interactions. 
The results for these examples are given in the next sections. 
2. The Heisenberg chain 
For the Hamiltonian of this system we refer to ref. 6, in which the same 
normalization is used as in this work, i.e. the interaction between nearest 
neighbours is represented by 45i" $~+1, whereas the ratio of the interaction 
constants for next-nearest neighbours and nearest neighbours is represented 
by 3/. Under these conditions the Hamiltonian takes the form 
H(Si ; ~) = 4 ~ (Si . S~+~ +~S~ . S~+9. (3) 
Comparison is made with the results of Hulth6n~6'~7), Majumdar and 
Ghosh~S'~9), Niemeijer2°), and with former results of our groupl'2"3'6). For the 
number of spins per cell: n, we have taken the values: 2, 4, 6 and 8. For n = 2 
the calculations have been performed upto and including third order, i.e. all 
terms in (2). For n =4 only terms of zero and second order have been 
determined, whereas for n = 6 and 8 we have restricted ourselves to the 
zero-order term W0. First of all we give, in table I, our exact results for this 
system. It should be noted that both zero-order esults constitute an upper 
bound. 
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TABLE I 
Exact  results for  the l inear chain  
n = 2, zero  order 
zero  + second order 
zero  + second + third order  
n = 4, zero  order 
-2 -16  (1 - 2y)  2 
-2  - 64 (5 + 2y)  (1 - 2y )  ~ 
_~ _ ly  _ ½X/3 - 6y  + 4y  2 
In tables II and III we present numerical results for the interval -1.0 <~ 
y ~< 1.0 and asymptotic values for large [Yl for the zero order. Zero-order 
results are indicated by (0), results upto and including the second order by (2) 
and including third order by (3). 
The values of tables II and III may be compared with other values in the 
literature. The only exact result is given by Hulth6n, for 3' = 0~6'17). In our 
TABLE II 
Numer ica l  results for  ~(y)  of the l inear 
chain;  n = 2 
y n = 2(0) n = 2(2) n = 2(3) 
~-oo  -1 .5  
-1 .0  -1 .5  -3 .1875 -2 .7656 
-0 .9  - 1.5 -2 .97  -2 .6760 
-0 .8  - 1.5 -2 .7675 -2 .5774 
-0 .7  - 1.5 -2 .58  -2 .4720 
-0 .6  - 1.5 -2 .4075 -2 .3621 
-0 .5  -1 .5  -2 .25  -2 .25  
-0 .4  -1 .5  -2 .1075 -2 .1379 
-0 .3  - 1.5 - 1.98 - '2 .0280 
-0 .2  - 1.5 - 1.8675 - 1.9226 
-0 .1  -1 .5  -1 .77  -1 .8240 
0 - 1.5 - 1.6875 - 1.7344 
0.1 -1 .5  -1 .62  -1 .6560 
0.2 - 1.5 - 1.5675 - 1.5911 
0.3 - 1.5 - 1.53 - 1.5420 
0.4 -1 .5  -1 .5075 -1 .5109 
0.5 - 1.5 - 1.5 - 1.5 
0.6 -1 .5  -1 .5075 -1 .5116 
0.7 - 1.5 - 1.53 - 1.5480 
0.8 -1 .5  -1 .5675 -1 .6114 
0.9 - 1.5 - 1.62 - 1.7040 
1.0 - 1.5 - 1.6875 - 1.8281 
-~+oo -1 .5  
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TABLE III 
Numerical results for ~(y) of the linear chain; n = 4, 6 and 8 
y 4(0) 4(2) 6(0) 8(0) 
- oo +0.5y 0.6667y 0.75y 
-1.0 -2.0528 -2.7963 -2.2258 -2.3139 
-0.9 -2.0059 -2.6650 -2.1656 -2.2471 
-0.8 -1.9593 -2.5387 -2.1060 -2.1809 
-0.7 -1.9133 -2.4175 -2.0469 -2.1154 
-0.6 -1.8677 -2.3015 -1.9886 -2.0506 
-0.5 -1.8229 -2.1908 -1.9310 -1.9867 
-0.4 - 1.7788 -2.0857 - 1.8744 - 1.9238 
-0.3 -1.7358 -1.9862 -1.8189 -1.8622 
-0.2 - 1.6940 - 1.8929 - 1.7648 - 1.8020 
-0.1 -1.6539 -1.8061 -1.7125 -1.7436 
0 -1.6160 -1.7266 -1.6624 -1.6875 
0.I -1.5810 -1.6555 -1.6154 -1.6344 
0.2 -1.55 -1.5942 -1.5727 -1.5858 
0.3 - 1.5245 - 1.5453 - 1.5365 - 1.5437 
0.4 -1.5068 -1.5122 -1.5104 -1.5126 
0.5 -1.5 -1.5 -1.5 -1.5 
0.6 -1.5083 -1.5140 -1.5128 - 1.5154 
0.7 - 1.5359 -1.5579 - 1.5536 -1.5624 
0.8 -1.5859 -1.6317 -1.6204 -1.6361 
0.9 -1.6583 -1.7318 -1.7067 -1.7304 
1.0  - 1.75 - 1.8524 - 1.8058 - 1.8408 
+~ -1.5y -1.3333y -1.6160y 
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normal izat ion it reads 
er~(0) = 1 - 4 log 2 = - 1.7726. (4) 
This value is best approximated by our third-order esult for n = 2: -1.7344. 
Hulth~n's  result may also be used to evaluate an asymptot ic  value for 3' ~ +~;  
in that case the l inear chain falls apart in two ant i ferromagnet ic  chains with 
nearest -neighbour interact ions and the asymptot ic  energy per spin will be: 
-1.77263'. This may be compared with the asymptot ic  result for n =8:  
- 1.61603". 
In  table IV we give, for selected values of 3", a compar ison of the results of 
this paper with those of Ma jumdar  and Ghosh for a ring of 10 spinslg), with 
Niemei jers  upper bound2°), and with former results of our group1":'3'6). Upper  
bounds are indicated with an asterisk (*). Our results, apart f rom those given 
in this work, are threefold: a RG result in first order ~](3"), a RG result 
determined with a variat ional method e*(3") and a RG value found with 
second-order perturbat ion technique ~(3'). The results for n = 2(3), n = 8(0) 
and e(3") are also shown in fig. 1. 
302 P.M. VAN DEN BROEK etal. 
TABLE IV 
The energy per spin for the linear chain. Comparison with results of other methods 
3, -1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 
n = 2(3) -2.7656 -2.5774 -2.3621 -2.1379 -1.9226 -1.7344 -1.5911 
n = 4(2) -2.7963 -2.5387 -2.3015 -2.0857 -1.8929 -1.7266 -1.5942 
n = 6(0)* -2.2258 -2.1060 - 1.9886 - 1.8744 - 1.7648 - 1.6624 - 1.5727 
n =8(0)* -2.3139 -2.1809 -2.0506 -1.9238 -1.8020 -1.6875 -1.5858 
~H('~) 16'17) -- 1.7726 
eMo(3') 19) --2.4858 --2.3632 --2.2314 --2.0926 --1.9496 --1.8062 --1.6674 
e~(3,) ~) --2.4891 --2.3270 --2.1649 --2.0028 --1.8406 --1.6785 --1.5164 
e~(3")1.6) --2.1919 --2.0727 --1.9535 --1.8343 --1.7151 --1.5959 --1.4768 
E*(3') 3'6) --2.1304 --2.0174 --1.9044 --1.7913 --1.6783 --1.5652 --1.4522 
~(3,)L2.6) --2.8281 --2.5798 --2.3545 --2.1511 --1.9694 --1.8101 --1.6752 
TABLE IV (contd.) 
3, 0.4 0.5 0.6 0.8 1.0 -oo +oo 
n = 2(3) -1.5109 -1.5 -1.5116 -1.6114 -1.8281 
n = 4(2) -1.5122 -1.5 -1.5140 -1.6317 -1.8524 
n =6(0)* -1.5104 -1.5 -1.5128 -1.6204 -1.8058 0.66673, -1.33333, 
n = 8(0)* -1.5126 -1.5 -1.5154 -1.6361 -1.8408 0.753, -1.61603, 
~H(T) 16,17) -- 1.77263, 
euo(3,) x9) -1.5442 -1.5 -1.5136 -1.6768 -1.9318 
e.(3,)2o) -1.3543 -1.2732 -1.1922 -1.0301 -0.8680 0.81063, 0.8106y 
~*(y)L6) -- 1.3576 -- 1.2980 -- 1.2384 -- 1.1192 -- 1.0000 0.59593, 0.59593, 
e*(3,) 3,6) --1.3391 --1.2826 --1.2262 --1.2526 --1.5652 0.56523, --1,56523, 
~(3,)~,6) --1.5705 --1.5337 --1.5129 --1.5875 
3. The Peierls chain 
For  a descr ip t ion  o f  this one-d imens iona l  spin sys tem we re fer  to ref.  6. 
The  re levant  Hami l ton ian  is 
H($i ;O  -- 4 ~ [1 + (-)i~]Si • $i+~, (h = 1), (5) 
in wh ich  the coup l ing  constant  for  the undeformed cha in  (J0) has been  g iven  
the  va lue:  -4 .  Th is  is in accordance  wi th  the  convent ion  of  sec t ion  2. For  the  
Pe ier l s  cha in  ca lcu la t ions  have  been  done  for  a number  of  sp ins per  cel l  
n = 2, 4, 6, 8. For  n = 2, 4 the ca lcu la t ions  inc lude  the second order ,  whereas  
for  n - - -6 ,8  there  are on ly  zero -order  resul ts .  Exact  resu l ts  fo r  ~(O,  the 
energy  per  spin as a funct ion  of  the d is tor t ion  parameter ,  are  g iven  in table V. 
GROUND-STATE ENERGIES  OF ANT IFERROMAGNETIC  LATTICES 303 
- 1.0 - 0.5 
Y 
- 1.5 
j s  S 
!~ I~ j 
~J~ J 
t J s t l  
11 i 
s s f/J 
n=8(o) ." "~/  
n=2 [ 3 ~ ~  -2.5 
/ ~(v) 
0.5 1.0 
I 
I 
I 
I 
I 
I 
I 
Fig. 1. Energy per spin for the linear chainla,6). 
Again both zero-order results constitute an upper bound. The function e(~) is 
even, so that only positive ~ values have to be taken into consideration. In 
table VI numerical results are shown for 0 ~< ~ ~< 1 and n = 4, 6, 8. Again 
n = 4(0), 4(2) etc. denote results for n = 4 in zero, second order etc. 
Comparison of table VI with numerical results of RG calculations4'6), e*(~), 
shows that the last values give a higher upperbound for all ~ with 0 ~< ~ ~< 1. 
For (t> 0.5 the differences are of the order of 1%, or smaller. The graphs for 
n = 4(2), n = 8(0) and e*(~) are given in fig. 2. 
TABLE V 
Exact resu l t s fo r the  Pe ie r l scha in (~O)  
~(() 
n = 2, zero order -~1 + ~) 
3 (1 - ~:)2 
zero + second order -2t(1 + st) 16 1 + ~: 
-~ - ~ - 2X/3 + 6~ + 7~ 2 n =4,  zero order ~ I l 
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TABLE VI 
results for e(O of the Peierls chain; n = 4, 6, 8 
n = 4(0) n =4(2) n = 6(0) n = 8(0) 
0.0 - 1.6160 - 1.7266 - 1.6624 - 1.6875 
0.05 -1.6732 -1.7651 -1.7111 -1.7311 
0.10 - 1.7329 - 1.8095 - 1.7639 - 1.7800 
0.15 -1.7947 -1.8586 -1.8202 -1.8332 
0.20 - 1.8583 - 1.9117 - 1.8792 - 1.8898 
0.25 - 1.9235 - 1.9679 - 1.9407 - 1.9493 
0.30 - 1.9901 -2.0269 -2.0041 -2.011 l
0.35 -2.0579 -2.0882 -2.0693 -2.0749 
0.40 -2.1267 -2.1514 -2.1359 -2.1404 
0.45 -2.1964 -2.2164 -2.2037 -2.2074 
0.50 -2.2669 -2.2828 -2.2727 -2.2755 
0.55 -2.3382 -2.3505 -2.3426 -2.3448 
0.60 -2.4100 -2.4194 -2.4133 -2.4150 
0.65 -2.4823 -2.4893 -2.4848 -2.4860 
0.70 -2.5552 -2.5602 -2.5569 -2.5578 
0.75 -2.6285 -2.6318 -2.6296 -2.6302 
0.80 -2.7021 -2.7042 -2.7028 -2.7032 
0.85 -2.77616 -2.77730 -2.77655 -2.77675 
0.90 -2.85050 -2.85099 -2.85067 -2.85075 
0.95 -2.92512 -2.92524 -2.92516 -2.92518 
1.00 -3.0 -3.0 -3.0 -3.0 
4. The square lattice 
For  this sys tem the  ca lcu la t ions  w i th  a square  cel l  o f  4 spins are much 
s impler  than those  w i th  the RG method ,  fo r  wh ich  one  has to in t roduce  a cel l  
o f  at least  9 spins. We on ly  cons ider  in teract ions  between neares t  ne ighbours ,  
but  a l low for  an an iso t ropy  in the coupl ing.  Th is  an iso t ropy  is g iven  by  the 
constant  3': For  Y = 0 we have  the Is ing mode l ,  3" = 2 represents  He isenberg  
and 3" = oo the  XY model .  The  Hami l ton ian  is 
= 4 ~, [s, zs~, + ~(s,+sj_ + s ,_s . ) ] .  
(i, j )  
S,+ = S~ +- iS, y, (h = 1). (6) 
The  summat ion  is over  neares t -ne ighbour  pairs only.  The  vectors  i , j  
represent  latt ice po ints  on the square  latt ice.  Ca lcu la t ions  inc lude the third 
order ,  represented  by  the last te rm in the express ion  for  Eo in (2). On ly  square  
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Fig. 2. Energy per spin for the Peierls chain4'6). 
cells with 4 spins are taken into consideration. The lowest level for such a cell 
has the energy: 
e0(y) = -2 - 2~v/1 + 2y 2, (7) 
and it corresponds with a singlet state invariant for all symmetry operations 
of the square. Only for the value y = 0 there is a degeneracy with one other 
state, and for parameter values in the neighbourhood f this point the results 
of this section are not to be trusted. For y = 0 these results diverge. 
The expectation values of all components of all 4 spins in the ground state 
are zero, as follows from a simple time-reversal rgument~4). The results of 
our calculations may be compared with those determined by Oitmaa and 
Betts 21) for y = 2. These authors give a list of results in the literature22-29), 
which are also included in our table VIII, together with the value of Bullock 3°) 
and that of Taketa and Nakamura3~). 
The values of ~(y) as a function of y on the basis of our calculations are 
shown in table VII. A simple similarity transformation f the Hamiltonian (6) 
in which H is replaced by U+HU shows that ~(y) is an even function of y. For 
U one should take://I(2S~) in which//~ represents he product for all spins of 
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one sublattice. The symbols n = 4(0), n = 4(2), n = 4(3) in table VII again 
denote ground-state energies per spin in zero, second and third order. Details 
of the straightforward but lengthy calculations are omitted here. 
In table IX we compare our results for the XY model [limv_~(~(3,)/~/)] with 
those of Oitmaa and Betts 2L29) and Pearson32). In ref. 29 results extrapolated 
from finite cells are given. 
As regards the general aspects of the exact value of E(y) for the square 
lattice we may make the following comments: 
-as  was stated before the curve is symmetric i.e.: ~(-3,) = e(y); 
-taking the expectation value of H(3,) for an eigenstate for a fixed 3'0 one 
easily proves that the curve for ~(3') is below the tangent in all points of the 
curve; 
TABLE VII 
Numerical results for ~(3') of the square lat- 
tice; n = 4 
y n =4(0) n=4(2)  n = 4(3) 
0 -1.0000 
O.1 -1.0050 
0.2 -1.0196 
0.3 -1.0431 
0.4 - 1.0745 
0.5 -1.1124 
0.6 -1.1557 -2.4710 -2.5407 
0.7 -1.2036 -2.1867 -2.2601 
0.8 - 1.2550 -2.0333 -2.1111 
0.9 - 1.3093 - 1.9564 -2.0390 
1.O -1.3660 -1.9273 -2.0150 
1.1  - 1.4247 - 1.9296 -2.0226 
1.2 -1.4849 -1.9537 -2.0521 
1.3  - 1.5464 - 1.9934 -2.0972 
1.4 -1.6091 -2.0448 -2.1539 
1.5 -1.6726 -2.1049 -2.2193 
1.6 -1.7369 -2.1720 -2.2916 
1.7 -1.8019 -2.2445 -2.3692 
1.8 -1.8675 -2.3216 -2.4512 
1.9 - 1.9335 -2.4023 -2.5368 
2.0 -2.0000 -2.4861 -2.6253 
~oo -0.7071-/ -1.1277-/ -1.1277-/ 
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TABLE VIII 
The energy per spin for the square lattice. Heisenberg 
model (y=2). Comparison with results of other 
methods 
n=4(0) -2.000 
n = 4(2) -2.4861 
n = 4(3) -2.6253 
Finite lattice, Oitmaa and Betts n) -2.62 
Spin wave, Anderson 22) -2.632 
Spin wave, Kubo 23) -2.682 
Variational, Marshall u) -2.624 
Perturbational, Davis ~) -2.656 
Perturbational, Boon 26) -2.864 
Variational, Oguchi 27) -2.572 
Variational, Bartkowski 28) -2.634 
Finite lattice, Oitmaa and Betts~ -2.60 
Perturbational, Bullock 3°) -2.663 
Taketa and Nakamura n) -2.564 
- f rom the foregoing property it easi ly fol lows that for points in which the 
derivatives are defined, 
d2e ^ 
dy  E ~ u, and 
de 
d---~ < O, y>O 
de 
~-~y > O, y<O.  
The exact value for y = 0 equals e =-2 ,  as can be easily proven.  From the 
general  propert ies of the curve for e(y) it fol lows: e(y) ~ -2  for all y. 
TABLE IX 
The energy per spin for the square 
lattice. XY model (3'=~). Com- 
parison with results of other 
methods 
n = 4(0) -0.7071 
n = 4(2) - I. 1277 
n = 4(3) - 1.1277 
Oitmaa and Betts n) -1.08 
Oitmaa and Betts ~) -1.078 
Pearson 32) - 1.099 
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The monotonous character of e(y) for y > 0 suggests that one should not trust 
the values for E(y) given in table VII for n = 4(2) and 4(3), in the interval 
0< y<~ 1.3. 
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